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CHAPTEP I.

IHTPODUCTIOH

There have been ~wo divergen~ developmen~s for ~he evalua~ion of ~he
derivatives or anal~~ic func~ions. One is based on ~he manipula~ion of
~he func~ion formula b~ classical differen~ial calculus ~echniques. The
re~~l~s are formulae of ever increasing leng~hs. The o~her me~hod is
based on ~he replacemen~ of ~he differen~ia~ion opera~ion b~ simple sums
.:::Jlidrnult.iplicat.ions., The t-·es.t-llt.s at"e con·:.t.ant.-:.U·I.:::Jt.t-·ePt-·e·:.en~t.he '.)alt.-1e
of deriva~ives a~ ~he poin~ of evalua~ion. Unlike ~he classical me~hod.
~he second me~hod ~ields onl~ values of ~he deriva~ives a~ a specified
poin~ of ~he independen~ variable. This limi~a~ion can be overcomed b~
alial~~ic con~inua~ion -- ~he evalua~ion of ~he derivatives at a neighbor
PO int, b'd t-·epe.:tt.ins t.he en+..it-'e pt-·oces.·:·.Th i·:.bool-, ts concet-'ned 1.0.1 it.h t.he
·:.econdrile~hod. We shall begin b~ discussing ~he classical me~hods.

Pecen~ resul~s have been published for ~he anal~~ical manipula~ion
of func~ional formulae ~o find ~he deriva~ives. Hanson. e~ al(1). de-
veloped some s~mbol manipula~ion algorithms for ~he anal~~ical differen-
t.. iat, ion of' COfrtp1icat.ed f·unct.iorrs• The met.hod invo l'.)e·:.s.cann ing the
tuncti on fm-'mula t.o be di f·f·et-·ent.iat.ed.:tndF·t-·oduce·:.an algebt-·.:::Jice::<pt-·e·:.-
s.ior. for it.·:.det-·i•...1at.i'.)e.One obt.ains a numeri ca l '.).:tluef'ot-'f..hedet-·i'.,.Ja-

Since t.he
resul~an~ algebraic expression in one/s computer
resultan~ algebraic expression is progressivel~

t.i'.)eb'd inc 1ud ing f..he

longer and more involved for higher-order derivatives. ~his me~hod of
d if'f'et-·enf..iat.ion h.:t-:.not. -:.eenmuch u·:.e. I.denget-·t.(2) d i·:.Ct-l·:.·:.ed.:tnat-lt.omat.-
ic numerical evalua~ion of derivatives ~ha~ avoids this problem. Given
an~ algebraic expression for ~he func~ion. ~he Wenger~ me~hod will au~o-
maticall~ ~ield ~he numerical value of ~he deriva~ive of ~he func~ion a~
a specified poin~. The ke~ to ~he me~hod is ~he decomposi~ion of ~he
given ~~nc~ion into a sequence of elemen~ar~ f~nc~ional steps. A li-
brars of elemen~ar~ func~ion deriva~ives is ~hen accessed and used in
~he numerical evalua~ion of ~he deriva~ive of ~he complica~ed func~ion.
applica~ions of ~he Wenger~ me~hod have been reported(3-5). which showed
promise for ~his ntunerical ~echnique. However. i~s scope is limi~ed; i~
is not full~ au~oma~ic in ~he differen~ia~ion of func~ions.
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~iven an anal~tic runction. these methods will produce onl~ the rir~t.
derivative or the input runction.
expression. and the Wen~ert method produces a numerical value. Tn t.h,::.

hi~her-order derivative. There is ~~wever a
1.,.Iith t.,hi';:,met..hod ';:.ince t..he output e::<Fre':.':·ion I..nll '...•et···::!'=11Ji,-·k 1 '-I hlJ; 1.-1 IIC'

to more complicated expressions that ma~ become too lon~ t.n h,::.cA,nr,::.~n~

written in a reasonable amount or space. In l.denget··t..,.::.filet.h'-II-1,t ,I-,,::. ,-,I 1+ -

put. cannot. be u·::.ed.a·::.·:::Ininput, for the ne::<t.det··i'...•at.iU'::'.

hisher-order derivative. one must have the algebraic 9xpr,::.~~inn ~nr tl-,,::.

previous derivative. The'::,emet.hod·::.cannot. pt··oduce .:=.tnIIn,::.r,,-Ii.,.:::1 '='::"=111'::'.,,-·.::.
of constants representing the derivatives in a T~~lnr ~.::.~;.::.cI=t -(', " , •...1

automatic dirrerentiation ana l'::!t.ic 1...1; .:::,1.-1; rid

the numerical values or all
·:;:.e·=luence.The Automatic Ta~lor Series (ATS) met.hn~ i~ h~c.::.~nn ~ ~,llw

automatic dirrerentiation technique.

The f·o!.~ndation of' the Automat ic Ta'::!101'-' Set"ie'::. (AT'::;)rl,,::.t.h'-II-1
reduction or dirrerentiation or anal~tic runctions to simple arithmetic
opet··at..iorrs.• Fit·..:.t publication on t.hi·:. ·::.implif·icat.ionl.ol.:=.t.::.h'-1Illi 1·::.c,n(6)..
who showed that the solution or certain simple linear dirrpr,::.nt.i~l equa-
t.Iorrs c.an be obt ..ained b'::!a corrt.i nuoua ·:.et-·ie':. ()f'r'IIJlt.il=·li,-·.=.t.inn·:;:.and
add it.ion':,• His work. published in 1 '34'3'., did not. t··e("·ei I.J!? much not.ice
because it was concerned with a small class or problems. where its rull
potentials were not apparent to the casual reader. In 1'3'60. Gibbons(?)
obtained the recursive relations ror the rull~ automatic dirrerentiation
of ·:·ome ·:.imple f·unct.ion-:.., and he indicated t.he pCI-;:.·:.ibilit'::!for- t.he .::iut.o-
matic dirferentiation or more complicated runctions. Somehow. the rull
siSnificance or Gibbons' work has not been recognized. and del...leIopment.
of his method ror the solution or complicated problems was not carried
out.• There are onl~ tMO rererences. Fox(S) and Moore('3'). to this inher-
entl~ powerrul anal~sis technique. pat-·-
all e 1':;.t..hi·::.1.,.101'-+, of' Gibbon·:;.bl.~t d iff et-..:. in t.rle mannet-··of' book:J:,eepina,

Richtm~er(10) and Kitselman(ll) have worked on the automatic dif'f'eren-
tiation or cc®plicated f'unctions. Leavitt(12) has published a summar~

and Bar-t.ori. et. a I.( 13) ha'...•e t·'epot-·t.edon t.he
automatic solution or ordinar~ dif'ferential equations.



In ~his book~ we shall discuss ~he ul~ima~e possibili~w: au~oma~ic
d iff'et-·ent.ia~ ion of' CC!f(tF·Iicat.ed tunct, iorrs incIud ing funct.ic.n·:·of t.~,IOand
~hree variables~ au~oma~ic solu~ion of ordinarw differen~ial e~ua~ions~
and ':.0 Iut,ion of I ineat-· and non 1ineat-· pat-·t.ia I d iff·et-·ent.ia I e'=iuat.ions.•

int.et-·e·:.t. in ~he au~oma~ic differen~ia~ion of analwtic functions
arose in 1962 from a dissa~isfac~ion with ~he ~hen standard r~merical
me~hod for ~he solu~ion of ordinarw differen~ial e~uations such as the
Runge-Ku~~a me~hod or a predic~or-correc~or method. The drawback in the

While the large-scale digital
co~puter can handle 14-figLu~e decimal numbers matter-of~fac~lw~ resul~s
from standard methods maw lack even 4-figure accuracw.
this lack of accuracw in standard numerical integration methods is the
short leng~hs of the e~uivalen~ power serIes. Fot-·e::-::ampIe.,
order predic~or-corector me~hod is e~uivalent to a Tawlor series with
onI ':::I fi'.)et.et-·m·:..

The convergence proper~w of shor~ power serIes cannot be deter~ined
There IS insufficien~ information in ~he few terms of a

short-series methods are forced into taking small incremental
ThIS IS because the short power serIes does not properly approximate the
function at the point of expansion. The many small steps give rise to
the propagation of machine rc~ndoff erros. Thus~ on a difficult problem

While large s~eps give rise to truncation
errors, small steps give rise to propagation of roundoff error.

The Automatic Tawlor Series (ATS) method maintains control over the
aCClU~aCY of the computa~ions. When the order of the method is high~ say
about thirty, it is possible ~o find the exact positions of poles in the
solution function. Norman(14) had used this to factor out the pole. It.
will be shown in Chapter III that there IS a direct relationship between
the behavior of Taylor series terms and the locations of singularities.

I.Jhena COfiIPU-

tatlon step taken is larger than an allowable fraction of the radius of
convergence -- the dIstance to the nearest singularity
appreciable error. We will then reduce the step size.

------ ,------------
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The accurac~ or the Autc@atic Ta~lor Series (ATS) method is totall~

a lon~ series allow ror ~ood error anal~sis. it allows ror an inte~ra-
t.i cn ·::.tep·::.izemuch l.:='t-·~et-·t.h.:=.nt.h.:=.tfor- a t.':::lpicalf·our·t.h-clt-·det-·fllethod.
When the order or the Ta~lor series is surricientl~ hi~h. it is possIble
to cal~~late or estimate the radius or absolute conver~ence. Th is in-
rormation allows the inte~ration step to be adJusted to keep the local
error below a speciried limit. In the ATS method. solutions or problems
are calculated onl~ arter obtainin~ both the calculation ror the radius
of conver~ence and adJustin~ the inte~ration step. l.~lhena':.inau 1atM.it.':1

i-;.in CIt-· ne.:=.r·t.he path of int.e~t-·at.ior»

inte~ration step to be ver~ small.
the ATS method ~ill

The ATS anal~sls can be apPlied to linear and nonlinear problems
The bases or the ATS anal~sis are the recursive relation obtain-

able rrom the equations or the problem. and the Leibnitz r~le(15). also
called a Cauch~ product. for the derivative or a product or runctions.
The solutions to all problems. linear and nonlinear. are in the rorm or

Linear problems in ordinar~ dirrerential equations have
Simple Ta~lor series solutions that ma~ be evaluated without computers.
In Chapter UII. we will show that the series solution to linear ordinar~
dif"f"et-·ent..i.:=.1 e·=juat.ion-:.can of·t.enbe t-·e·:.oh"edb':It..r-·an·:.cendentalf'urrct.i orrs

Nonlinear problems and partial d if·f·et-·ent..ia1 e·=II_.j.:=.t.ions..
the ATS method have solutions that require meticulous bookkeepin~. The
AT:; method i·:..:=.m.:=.themat.ica 1 ana l-:::ltica 1 too 1 in f..heca·:.eof' 1ineat-·F"t""ob-
lems. and it is a numerical method in the case or nonlinear problems.

8erore ~oin~ into the main subJects or this book. we will pause ror
a while to point out some or the conventions used in the notations and
e·"lu.:=.t..iOrr:.• '-'.Ie1.-.1 i11 I..j·;:.ex a'::.t.he indeperlljenf..'...•ar- iab 1e ina 11 runct ion'::.
of onE' l.).:=.t-·iable.'-'.IeI.,.li11 use x as the rirst independent variable and

!.,Je !.di II u·:·e ':I as the rirst dependent variable and z as the second
dependent variable. We will also use z instead or x when the inde-

Thr-ouahout. t.hi·:. bool-,. f' ( ::<) is
used to represent all possible runctions or x. So. at times r(x) ma~

When this occurs. we will write



c-
._I

+..he f'unct. i on 1..,1i +..h an e·:::Il_Jat..ion number- 1i k:,e U-,is ..- f (>~.:15).. ':;.0 a·:;.t.o t-·efi,ol,.le

ambi~ui~~ of expressIon. Then. ~he reader can refer ~o ~he e~ua~ion and

see ~he exac~ func~ion under discussion.

l.,Je'._.1ill lJ·:·e ~.- u. 1.),1 l.,1.- and z a·:. aI.J>::iIi at-":::1funct. ion':. i.-,1het-·eneeded.
I.(lehii 11 u·:.e R.- E:., and C.- ·3':· Ta-:::!lm-' at-·t"·03':::1-:.in FOF.:TF.:At·4subr-out, i ne·:.• I.~le

I.'Jill u·:;.e .::S.t b.- C',t d., P.- '=1 .-
to.._ .3nd ':. a':. t-·e.3l or- f'l oat..i ng-po i rrt. con·=.~ant.·:..'

.3nd i., --i., k, 1., m.> and n as in~e~er or fixed-poin~ cons~an~s. The·:.e

There is one word ~ha~ will be over-used in ~his book. The 1.-,1ot-·di·:.

Thet-'e i .:. ~he or-der- of' .3 PO 1e. Ther-e i·:. t.he or-der- of' a det"·i 1•••1a-

t.il ...'e.

of a numerical in~esra~ion me~hod. We will a~~emp~ ~o keep order among

A. Redl.Jced Det-·i '.).3t..i '·}e·:·and ~lodi f' i ed Le i bn i t.z F.:lJ1e •

The Ta~lor serIes expansIon of a func~ion. f(x). a~ ~he poin~ x=a

..' II .-.' (fi' ) m.•..
f' = f' + f' *h + f :+:h /'2! + ... + r *h .....m! + ... [ 1]

b ·3 ·3 a a

~i on of' t..he funct. i on .3+'.>::=.3 and ::<=b. The ATS-at-·t-·a':::!f·ot"· +..he f·unct.ion

is def' i ned +'.0 be .jl..j':.t, t.he Ta~1or-an i nCt-·ement. of' h

series siven in E~.[l]. The ~erffis of ~he ATS-arra9 for f(x) are ~he

of f·,..···). The t-'educed det-·i1.).3+'.i '.}e·:;.at-·e def' i ned 1...1 i U-, l.jFPet-·-ca·:.e 1et.t.et-·s.

for ~he name of ~he f~nc~ion concerned.

F(m+l)
(m) m

f' :+:h.....m !
a

[2].-.-

In t..his 1••,1od·:,...311 nor-ma l f·unct. i orrs 1••.1i 11 be denot.ed b':::!1000-Jet-·-ca·:.e1et.t.et-·s

(or as t.he~ would appear normall~). and ~he correspondinS RTS t.erms or



t.he funct. iorrs • The need f'or' (m+1) in E~.[Z] is due ~o FORTRANlimi~a-

f = F(1) + F(Z) + F(3) + ••• =
b

(u3
·:.um. F( i) •
i=1

[3]

ia defined as. t.he index of' t.he F-an-·.a'::!element.·:.• The i nde::.;:of

t.he Ta'::!1Ot-·s.et-·i e':. element. is. one melt-'et.han t.he or-der- of' t.he d i f'f'et-'en~i a-

~ion, as shown in E~.[Z].

The aut.omat.t c s.e~tJent.i.al numet-·i.al e,,",alua~icln of r-educed der·i'.)a~i'.)e·:,

ror- .:.imF'1e .an.aI '::!t.i c f·un.:·t.i orrs h.ad been d i ·:.cu·:.·;;edb'::!G i bbons in 1'36(1. I.tJe
':,hall t-·e·:.t.a~ehi,:. t-·e·:.ult.s in ChaF't.et-·I I ...and 1.,le·:.hall e::-:;t.endt.he devel-

opment to comF'lica~ed functions, inverse func~ions, and ~wo-dimensional

flmct. iOrr:.•

of f·unct.ion': .• Consider ~he func~ion f(x) = v(x)$w(x). Accordin~ ~o ~he

Le i toni t.z r-u1e" the m-th det-·i '.)at.i '·.·'ei .:. ~i I.)en b'::!

=
m

·:.um.
i=0

(i) (m-i)
',.1 1••.1 m ~ [4]

md f

m
d::.;:

. I
1. (m-i)!

and
(m-i)

l•.i : =l,..lhet-·e
(i)

I.) : =

i
d I.)

i
d>::

m-i
d:.;:

Wi~h E~.[Z]in mind, we rearran~e E~.[4]to be

m
(m) h

f' ;.f<---- =
m!

m
·:.um. I.)

i=(1

i rfl-i
(1) h (m-i) h

$---$W $------
i ! (m-i) !

[5]

Then, substi~u~ion of E~.[Z]into E~.[5]'::lields

m
F(m+1) = sum. U(i+1)$W(m-i+1) •

i=~~1
[6]

Let n:=m+l and j:=i+1. This '::lields ~he modified Leibni~z rule.

n
F(n) = sum. U(j)*W(n-j+l) •

.j=1
[7]



This is the roundation ror the automatic se~uential dirrerentiation or

cc~plicated runctions. Note that the modiried Leibnitz rule. E~.[7].
doe-s t·40T corrt ..=:tin FACTOR I ALS. This one ract simpliries all the develop-

r1lent.·::.to f·ollol.,.I.

dirrerentiations or two-dimensional runc-

t,i Orr::. is needed in m.=:tn'::Iof" t.he r1lot-·ed i f'f' i CI_J1t, t'::Ipe·::. or pt-'ob1ems.• Con-
sider a ~~nction rO::x.t) with Ta~lor expansIon at x=a with increment h

and at t=c with increment k. The Ta~lor expansion is as rollows

f' 0:: .:=.+h.1 c+k:.) = f·(a ..c) +
I:!f· h
--:f:---
(lb:: 1

2 2
I:! f· h

+ ---:f:---
2 2!

':!::{

"":!' "Z
_I _'

J:! f' h
+ --;--:f:---

"":!" ~t0_' _l.
+ •••

(!f' h
+:--:f:---

I:!t 1

.-...::..
(!f' hh

+ -----:f:---
(!::{ (!t. 1

3 2
I:! f' h h

+ -----:f:----
2 2~

I:!::<':!t.
+ ••.

.-, .-...:. ..::. 3 2
I:! f' h ~.:.------:f:----

2 2 ~
I:!::<J:!t

422
J:!r h ~<,

+ ------:f:----- + •••
(! f' k

+ ---:f:--- +
2 2!

-::- "'=:'
"_, ,-1

J:! f' k:.
+ ---:f:---

"':!" ~t-' "-'.J:!t..

4 3 5 2 3
@ r h k @ r h k

+ ------:f:---- + ------:f:----- + •••
• -, "":!" .--:' I "":!',.;;;. ,_, L. _'.

I:!::<I:!t

+ •

m+n m n
I:! f' h h

• + ------:f:------ + •••m n fil! n!
I:!>::(!t.

Thi·::. is a t.uo

,jimen·:.ional at-·t-·a'::Ifor- t.he funct.ion f·(::<..t.) l,lit.h det-·ivat.iJ.)es. 1••.Iit.h t-·e·:.pect.
t.o >:: r-urm i n:::lhor- i zorrt.e 11'::1and 1.,1 i t.h der- i I,.'at.i I,.'e·:.1••.1 i U-I t-·e·::.pect.t.o t. r-unn i nSl

I...•et-·t.i call '::I.

partial difrerential e·=iua+..i orrs and ot.her- COfilP 1i c at.ed pt-'ob1ems.• It. is
I.Je l•.•i 11

def· i ne t.I.,.Io-dimen-::·i ona 1 t-·edl.Jced der-i 1•••1at. i I...le·:· as.

F(ril+l., n+l) .-.-
m+n m n

I:! t: h :H<,
------:f:------

m n m! n!
I:!::<I:!t.

[9]
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The '·)a1ue c.f· t..herunct. ion f'';: >::.' t..)at..>:. = a+h and t = c+k:,is. :3i'.)enb'::lt..he

f·Ca+h.,cH·:,) =
(1(1
·;:.Uffi •i=1

(1(1
·=·Uffi • F';: i .'~i) •
~i=1

product of functions of two variables. f(x.t) = v';:x.t)*w(x.t). is siven
b'::! f..hemod if ied Le ibn itz r-u 1e .'

F(m..n) =
m

·:'I...Ifil •
i=1

nsum. U';:i.J)*W(m-i+1.n-J+l) •
.j=1

[11 ]

other difficult problems. This completes the preliminar'::l discussion of
the ATS Method of anal'::lsis.

variet'::lof problems.
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CHAPTERII.

AUTOMATICSEQUENTIALDIFFERENTIATION

In t..he fi r-s.t, sec-t.i on of" t.his ChaF·t.er·.. l.Je ·:.hal1 discu~.s t.he aut.omat.ic
-;:.e·::jl--lenf..i aId i f·f·et-·ent.iat. i on of' -;:.i filP1e ana I':!t.ic funct. i orrs and ar' i f..hulet.i c

opet-·at. iorr:.• !.J.le·:.ha11 .::tls.o int.r-oduce t.I.o.lO·:.ubpt-·ost-·am·:.t.hat. l.Ji11 be l~s.ef·l~l

in t.he e',.'.::tluat. i on of" T21'::11CIt"·s.et-·i es for- ana l'::!t.i c fl~nct. ions. coriIPo·:.ed of'
combi nat, i clrr:. of' .:.i rilP1e ana l':!t.i c i·unct. i ons, and OF·et-·.::tt.i orrs.•

dl·:.Cl~S.·:, t.he met.hod for- di f·f·er·ent.i at. i ns comF·li cat.ed

fur.ct. i orr:.• Example':; inc-lude t.he Bes':;el f·unc-t.ion.,

and t.he Sine-int.esral. In t.h.:- t·hi r-d sec-toi or» t.he t-·.:--;:.•:)1ut. ion of" i ndet.et-·-

in t.he
It. will b.:-come necessar'::l t.o d.:-v.:-lop t.he sequent.ial dif-

In t.he fift.h sect.ion. t.h.:-

e,j. In t.he f'in.::t1 ·:.ect.icln., t,le l.•.ti 11 de'.)elop t.he di f·f·er·entJiat.ion of im-
plicit. funct.ions.

A. Di f'f' et-·ent.i at..i on of" 5 imp1e Funct, ions and Opet-·at. t ons •

Genet-'all '::I.. ·:.impIe an.::tl'::!t.ic f"lmc-t.ions. ar'e coriIPc.s.ed of tx·an·:.cendent..al

f·unct.ion·:· and .::tlsebr·.::tic of·er·at.ions.

t.i on t,.!e·::.hall e::-::aminet.t"·an~.cendent ..::tl
as isolat.ed cases. La:it.er·, l.>.Ie-;:.hal1 ·::.+'.l~d'::it.he eff·ec+'.·:. of' combinins +..he·:.,;:.

·::.iriIPle funct.Lorrs and cIF·et-·.atJic,n·:.t.Cl obt,..s in t.he .::tut..omat.ic di f"f·er·en+..i.::tt.ion

of complex f"unct.ions. The fi r-s.t. funct.ion 1.,.Ie':.hall 10o~·:.. ::tt. is. t.he sine
funct.ion. f(x) = sin(ax). Th.:- s.i ne f·l~nc+..i on and f' i t-··::.t. +,.1.•,10 der- i I,}at. i ve·;:.

.' " 2
a :f:·::.in(a::<) [1Jf'(}::) = ·:.in( a::<) 'f (::<) =

Clearl'::!. t.he recursive relat.ion is
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m
d t~

[2]2a :+:= m-2
dv.--

cur-a i '·.Jet-'e1at..i on bee-clme'S.

2 2
a h

[3]F(m) = - F(m-2) :+: ----------(m-!)(m-2)

Th i s !'"'educed-deF' i '...'at. i ve r-ecur-s i ',}e t-'e1a-

in an unending sequence. Th ts same F'eCUF'Si ',}e F'e1at,ion can be u'S.e(j f'CIF'

The '...•'S.e of' Eq. (3] i'S. PF'ef'e!'"'ed CII..JeF·Eq. [2]

Ta':ll or- set-·i es.

tor- an':I f·init.e digital ccer(IF·l~t..er·+'.0 handle r·ea·;:.onabl':I.

.' " 2
= a *e::{F'( a>~) (4]f(;.::) = e::{p(.::.x) .'

The t-·e-CUt-..:·i I••·'e r·e I.::.+.. i on i 'S.

m
d f'

m-l
d f

[5]= a:+: -----m-!
d;...·."

In t.e-nfl'S.of' t-'educ'ed del""i '..Jat..i l.)e'S·.' t.he r'ec'ur";; i I,}e t-'e1at..i on bee-clmes.

F(m) = F(m-!) :+:

Thi s. ....·e-cut-..;;i I•.••e t-·eLat, i on l,.!i 11 be used I.::.t.e•...· in t..hi .:.·;:.ect~ion for- an.::.l'::Izi ng

t.he f'unc-t, i on f' (;{ ) = eXF'('::I)., l,Jhe•...·e '::lis. anot.he •...· f'-~nc·t..i on of' x •

A t..hi r-d e::{arl'lP1€' is. t.he nat.,-~r·a1 1ogat-·i t.hm f'tmc-t ion.. f (>~) = a:+:1n (>::) •

The nat.ut-·al lo9a •...·it.hm f·unc·t.ion .::.nd f·i •...·s.t. t.WCIde•...·il ..Jat.il.)€'s. at-·€,
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..- II - a
f'(::{) = a*ln(;:.::) , f' (;:.::)= [7J

m m-i
d f' d f m-i

= ----- *m m-l x
dx dx

[8J

h*(m-Z)
[9JF(m) = - F(m-i) :+; -------

fiI-1
m a h

F(m) = (-1) ---------- m-l(m-i) x
[1.3J

For' e;:.~ample.. lo.le1.•li 11 consi der- t.he func-

tion f(x) = In(w). where w(x) = sin(ax), after we complete the discus-

Ar'i t.hmet.ic (lper-at.ions

t.r- act- ion •

individual derivat.ives. Under' opet-·at..ion clf rilult.iplicat..ion .. the det-·i'.,.•.:El-

Consider the product. f(x) =
'.) >:: ::< ) :+:1••.1( ::< )., f..he m-t.·h let-'m of' f..he Ta':/1Ot-·set-·i es· f Clt-·f'( ::< )

E~.[7J in Chapter I.

fil
F(m) = ·:.um. 1.)( i) I.J(m-i+1) •

i=l
[11 J

complex functions. into a small FORTRANfunction

·;:.I../bPl-·O:3t-·.;:jmcalled f..he ATS furrc-t.i or.,


