CHAFTER I.
IHTRODUCT TOH

There hawve beern two diverdernt develorments for the evalustion of the

derivatives of arnaletic functions. Ore iz based on the manirulation of
1

the funchicr formualas be olasssical differential caloulus techni=uess. The
reziglte @re formdlae of euver increazingd lengths. The other method is
Fazed on the rerlacement of the differentiation orFeraticon be simrle sums

&
srd multislications. The results are constants that rerresent the walue

~F cderiuvatives zt the poirnt of ewvaluation. Urlibke the clzssical method

Lt
ift

{ut

T
the cecond method wields onlw  waluess of the deriwstiuves at a3 zrpacifisd

1

raimt of the indersndent wariasble. ThHiz limitation camn be overcomed b
analatic contiruation —— the euvalustion of the deriwvalives =zt & neighbose
erimt b rereating the enbire fFrocess. This book iz comcerned with the

zercrd method.  We zhall bedin b discussing the classical methods .

ement results have been  rFublished for the analwtical mamirulation
of furcticonal formulas to Find  the derivatives. Hamsorn. eb zl1010.  de-
velored some sanbol mamirulation aldorithbms for the snalotical diftferen—
tigtion of comFlicasted tunchions. The method irwoluwes scarming the
Fumchion Formula to be differentiated  and Froduces an alasebraic ewFres—
ziom o its derivative. One obtain: s numerical walus for the deriva—
tive bw imcluding the resultant algebraic expression inm one’ s comPuber

o Sl Simce the resultart algsebraic exFreszion is Progressivels

i
-
3

lomgsr and more inualued for Righer—order  derivatives. this method of
differentistion has rob seen much use. Werngert 2y discussed an automat-
ie Fumerical ewvsluation of deriwvatives  that avoids this rroblem.  Given
are @lastesic ewprezsion for the functior. the Wendsrt method will aubto-

maticalle wield the rumerical walue of the deriuvabive of the function at

5 zrecified point.  The kews Lo the method iz the decomrosition of  the
Hivern furnchion imbo 3 sesusnce of  elementars functional sters. H li-
brorw of elemertarw  funchion deriuatives iz then scosssed and used in

the rumsrical svaslustion of the deriwvabive of the comrlicated function.
el icstions of the Wermgert method have been rerortedi] 3-S50, which showed

Eromize o this Pumerical techrisus.  Howeosr, its zcore 1= limited:? it

ek

z mot Fulle automatic in bhe differemtiaticon of functions.




Both the Hamzon arnd the Werdert

methods

are =eml—-automatic i that,

Hiver an analetic  functicons these methods will eroduce onlae  the first
der-ivative of the irneut furncticorn.  Harmson s wethod Producss an aldebesdco
gEprestior. and the Wendgsrt melthod  sroduce:s a2 numesrical valus. I the
Harizon method,. the outeut can be fed back as an ireuts: thus demseating =
Migher--order derivat.ive.  There 1z howsosr a  limil Lo what P
with thisz method since the oubteut Freessior will ouere mrichkla beedi T4 e
Lo more comelicated that mads become Loo long o he steead e
wirither im & ressory of srace.  In Mengert s metbeoet. the ook -
put. cannot be uzed as an direab for the  nest derioatiuve. Too skt zis =
Higher—order deriwvative: one mast have Lhe sldsbraic expressiom o the

proiots deriwvative,  These methods cammol Froduce amourerelicd ssonaoeas
of comstants rerresenting Lthe derdivatives  in 3 Tawloe =aediss B ol
automaticbdiffeven+‘ gtion of analgtic  functioms ie rarabls - F wisddiesd
the numewiéal aluss of all  the higher-—ordes dQPiuntfuas i oz viemret red
seauencs. The FAutomatic Tawlor Series  CATSY method d= hasad seoon F0dla
automat.ic differerntiat.ion Lechriaus.

The toundation of  the Automatic Tawlor  Serdies CATSY methad = the

reducticon of differertizticon of

aFerations. First publication orm this

b showed that. the saolution of certain
tioms can be obtaired be 3 cormbinuous

additiorms. Hiz work, publizhesd  in

because it was concernsd with 2 small o
rotentials were not arrarent Lo the oas

chtzined the recursive relations for

of some simele functions. and be indicat
matic differertisticon of more

significance of Gibborns” work has nob besn

armzalotic

13453,

the fulle sutomatic

comel icated functians.

to simele arithmetic

i

fumctioms

zimerlification uas Wilesormial,

zimele limesr cdifferential saua—
zer-ies of muiTtisldieatioms arnd
did rmot  receius much nobice

lass of sroblems. where itse full
wal reader. Im 1968, Gibboms 72

differentiation
the auto-
the full

arwd dewelorment.

ed the rFrossibilits for
SOl .

recodEnilzed.

of fis method for the soluticon of comrlicated problems was nob carried
oyt There are onlyd Lwd references. Foaxd) and Moored32y. to thiz inher-
ertlyw Fowerful analesziz techrnisuws.  Our dizcussion  in Charter 11 Par—
Hllels thizs woek  of Gibbons bt difterz in the manrner of bocoklkeering.
Fichtmeser 168 and Kitselmarndll) have worked on the automatic differern—
tizgtion of comrlicated Tuncticorns. LeawittolZy has publizhed 3  summarw
o Lihe Fowsr seriles method.  and Bartors et o z2l. 0135 kave rerorted on Lhe
sutomatic solution of ordinare differential esustions



Im this bock., we zshall dizcuss the ultimate poscsibilits?! automstic
differerntiation of comelicated Tunctions including furnctions of two and

threse wariablesz. anmdflr zalution of ordiners differerntial eauaticons.

and sclutiorn  of

[ and U_l

inegsr and nonlimesr rFeartial differential  esuations.
Oy inderest  in the automatic differentiaticon of analetic functicons
aroze in 1982 from a dissatisfaction with the thern  standard numerica

method forr Lthe solution of ordin;ears differentisl esuastions such azs the
Funde-kulta method o 3 Fredictor—corrector method.  The dreawback in Lhe
old methods iz the lack of adesuste control of the accuraczs of the e

sults, the local error dus to truncation. While the larde—scale digitsl
comFuter can handle 14-Tiguwre decimasl  numbers matter—of-factlz. results
from standard methods maw lack  swern 4-Tigdure acowracd.  The reason for
this lack of scourace in standard mumerical intedrastion methods i the
short lengths of  the sauivalernt Frowsr  series. For exanerls.  a fourth-
Corder Predictor-corector mebthod  i: esuiuvslent o & Tawlore series with

orlw Five Lerms.

The conuverdence Frorerts of shord FPower zeries cannmot be determined
bea arg means. There i:s  insufticient infmrmatian in the few  terms of a
zhow-t Fower serides for a reliable analesis of the truncation er#or. The
short-series methadé are Torced into Laking small incremental  stes:
Thiz is

function at the rFoirt of  exFranzicn. The marms small sters  Five rize Lo

F
FondEl series does not Prorerly aprrosimate bthe
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the eroradation of machine roundott erros. Thus, on o3 Jdifficult eraoblem
the shovrt—series methods are bound to produce resulis with scowracs much
oo bhan machine scouracd,. While larde sterps dive rize to truncation

errors, small sters dgive rise Lo propagastion of roundotf erroe.
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The Autaomatic Taglor Series (HATS?  method maimtasins conteol ower

gocuraces of e computations.  Wher the order of the method iz Righs

o+
oW
o l'[l

ghout. thirts, it is rossible Lo find the exact rositicorns of roles in

Lan}

solution furcticon. Hormarnol4d had used thiz to chtor ol the Frole.

b,

lationshir betusen

l'[l

Will be shown it Chaeter 11T thet there iz 3 direch r
+

the Dehasicor of Taslor series erms arnd the locations of simgularitises,

& simsEdlaritls 1= Lhe main sowce of Lhe truncaticon error.  When s compu—
tatiom ster Ltabker iz lardsr than an zllowable fractiom of the radius of
corvergence —- the diztance to  the nearest singularits —— there will ke

1
sFFreciable error. We will then reducs the zter sirze.




The aoouracy of the Automatic Taslor Series (ATSE) method iz totallw

dererdert. on bhe corvergence analesziz of the long series. Hotb onlw doss

it

a lomd series allow for dood errors analesis, it allows o an intesra—
ticm stepsize much larder tharm  that o oz twricsl fourth-order  method.
ut iemtle high, it iz possibles

har the order of Lhe Taglor =eries is

ici
to caloulaste o estimate the radius of absolute corverdgence.  This  ine

fermation allows the intemraticn stes O e adaiusted Lo bkesr the local
o bhelow a specified limit. Im the ATS method. zolutiorms of ercbhlems

are caloylated onle after obtaiming both the calcoculstion for the radius
of comverdgence and adiusting  the intedgrastion ster. Whem a2 zingulasrita
iz in o mear the rath of irntedratiorn.  the ATS method will adiust the

irtedrat.ion ster Lo be wera zmall.

The HTS  analwsiz can be arrlied to limear  and ronli;esss sroblems

e, The bases of the HTS analwesizs are the recursive relstion obtain-

511
sble fraom the sauations of  the eroblen: and the Leibnmitz ruledlSh,. amlzo
called s Cauchys sroduct. o the deriuvative of 3 eroduch f fu Lflun_.

The socluticns to zll Froblems. lireasr and rnonliresr. are in the i mf
Tawlor series., Lirmsass sroblems in ordimars differerntizsl esuaticons have
Simrle Tadwlor zeries solutioms Lthat maw be evalusted without computers.,
In Charter UIT. we will shoe that the zerigs zsolution to limssr ordinaes
differerntial esustions cam often be resolusd b transcenderntal functions
Momlirmeasr rFroblems  and rartizl  differential esustionzs.  when scolued b
the ATS method have soluticons that resuire meticulous boockbessring. The
ATZ method i a mathematicasl ansletical tool in the case of lirnear Frob-
rig

=
lems. ancd it i & mumerical method in the case of mnomli v Frobilemns.

Before doirngd into the main subdects of this book: we will rause for
3 while Lo point ot some of the corventicons uszed in the mobtations and
squations. We will wuse = 23 the indesrendent wvariasble irn 21l furnctions
of one wvardiable. WMe will wse = as the first inderendent warizsble and

. as the second irm dependent uar-iable in 511 functicoms of two varisbles,

4

ble will wse w az the first dersndent wariasble and = the second
derendernt. wariable. bWe will zlsc wuse ¢ irmstesd of = when the inde—

Frendarnt wariasble iz 3 comrlerx auantitw.,  Throughout this boob T

i
sed Lo rerresent 21l rossible furncticons of . Soe oat times FOx) mas

rerresent more tharn ane function of =, Whern this occwrs, we will write



= Lo remoue

i
]
Y
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the tunction with an e2auation muamber like this, Foxiliss.

Fuiation arnd

iy
1
l'[l

ambdguits of expreszion.  Ther. the reader can refer to th

zee Lhe exzct function wunder discussion.

e will wuse Ho owe o we we oa3md T00oas auxiliarg functiorns where nesded.
We will wse H,2 Be and T, az Tazglor arrags in FORTREAM  subrcutines. e

Wwill wse a3 b o ds P 3. e oand = a3z real or flosting-eoirt comstantz,

=

arnd i, Jds b 1. ome and n az irteder o fised-point comstants.  The

comstants maw serrear either in lowsr—-case oF urpsr-case letiers.

There iz one word that will be over-used in thiz book. The word iz

"ot There iz the order of a rale. There iz the drdder of a deriva—
toinas, There is the order of a Taglor series term. There is= the order

= amons

f[:

of & rumerical irtedgrsticn method. We will asttemrt to beer ord

all these arders., bul it could be 3 rather tall order to do so.

A. RFeduced Deriuvatives: and Modified Leibmitz Rule.

The Taslor zseries. expansicon of & functiom. foxd. at  the poindt ==z

o bthe walue of the funchtiorn at ==k iz diven bw

- "oz UMy W
= f + f#h + 1 b 20+ ..+ T S ST TE I N {13
= E a

rr
1
i

'..4.

e B o= Ch-g0, and b omosursrsorirt on U sigmifies the m-th deriuva-
1.

tiwe of fixr with resrect to x. The subscrirts 3 and b indic
tion of the function st w=z arnd x=hk. The ATS-arrag for bthe furnction
t w==a with an i;crement of h is defined to be Just
zeriss divern in Ex.L11.  The terms of the ATS-arrsyg for F902 are the
terms of Lhe Tavlor seriesi  also refered t the reduced deriwvati
of foen. The reduaéd derivatives are defined with upper-caze letters
o the mame of the Tunction concerned.
Tmr I
Fimtls 1= o o#h oomlo. v £21
= .
I thiz work.: 21l mormal functions will be dencted be lower—case lebiers
Lo &3 bhes would sFresr mormallers and the carreapandins ATS  terms o

reduced deriuatives m111 be dencted bw urper—-case lstters in the rams of




the functions. The meed for- Sm+l? in Ea.021 is due  to FORTEAM limita—
ticm. since  an arras mas not bedin st zero in FORTRAH. The Tadlor
zeries ewFansion for o) in terms of the reducsed derivatives is

5in)

o= Feld + Fe2d + Fuld) + ... = sum. FO12 . £33
tu i=1

where 1 is defined as the index of the F-arras glements. The indes of
the Taslor series element iz one more than the order of the differentiz-

ticm. as shown in E=.023.

The automatic seausrtial rumerial evalustion of reduced deriuvat.ives
for simFle analotic functicons had been discussed be Gibbons in 196d.  We
zhall restate his results in Charter II1. and we zhall extend the devel-
oRmert o comelicated functioms. irwerse  functions. and two—dimernszional
furctiomz. The foundation for the  automatic seausntial differentiation
af funchtions iz the Leibnitz  rule for the differentiztion of & Froduct
of furcticns. Consider the function foxd = wisiswis=., FAccording Lo the
Leibmits rule. the m—th deriwvative is diwven bw

I OO I (TR

d t i 8 1l it ! ‘
= UM, — o — —— [41

it i=0 it dme-in!

; .
where 1= eee— o o@md W 1= ———

Witk E=.0271 in mind. we rearransge Ex.[4]1 Lo be

Tit :
tmy  h T iy h tm—id  h
t H—m—— = SN R e i) o . [Z]
T i=g i! Tm-1s!

Ther. aubatitutiqﬁ‘df Ex.[21 irto Ea.05] wields

Fom+ld = sum. WIi+1kdbin- i+1y . [sl

LEt rei=m+l and di=i+l. This =mislds the modified Leibnitz rule.

i}
Fomy = sum. MO dslddm—+10 . R
=1




he fourdaticon  for the automatic sesuertial differentiation of

ified Leibnitz rule. E1.L71,

doss MOT comtain FACTORIALS. This aome fact simelities all the dewelor—
i
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o
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comE licated functions. Hot.e that the modi

= to follow,

The automatic sesusntial differentiation: of two—dimensiconal  func-

Limrz is meeded in mare  of the more difficult tures  of eroblems.  Corne
zider 3 furmction oL with Taglor exransion at ==a with increment b

and =t t=c with irncremsnt k. The Tavlor evwpansion iz az follows

Frath,cthd = fla,cd + ——k——- + —heee + —me—— L

- - = =
i ! 1 - - ! ot b !
i R
- - "~
e et £

- -~} o -} - o e g ]
i, o it P

- - y - P - -

- - ‘1’ -t -t = ot

T 3 T 3 = 3 2T
-t o’ ' oee] . e o !
it E L et

where 21l the rartial deriwvatives are euvalusted at Ja.cd. Thiszs iz a2 tuwo
dimersiornal arras for the function ot with derivatives with resrect
to w running horirontaslles and with derivatives with reseect to L orunning
werticslle. It is imFrortant for-  the reader to fix this rFicture in bl

mird when we dizcuss the sprlication of two~dimensicnal Tawlor seriez to
partial differential esauation: and other comrlicated rFroblems. It

1
merels 3 bookbeering device. but  one would be lost without it.  We will

1]

define two-dimensional reduced deriuvatives as

T+ m T
& f  h ok
Fim+l.m+ld o= =i - . [=2]
mo oo om!or!
wl i_;f

4]

!‘ Xl



e

The walue of

doubls sum

the functiorn  T0x,

o

a+h and L = c+k 1s diwven bw the

fia+h.o+lsd = sum. sum. Foi.dd . L1633
: i=1 o=
By develorment. similar ta that for Es.L7]1: the reduced derivatives of =
rroduct. of functions of two  warisbles, ot = okl i, iz given
b the modified Leibmiitz rule.
] -, r", r‘ .. ., . - - -
Fimamy = iuTi stim. MOds ddeelddm-i+lon-d41 [113
q= =

Thisz is
ot

wszed imn the

the ATS method of arnalasis. In

in detall

wariete of Froblems.

salubtiors

difficult problems.

the deuvelormert of

of rartial differerntial eauasticorns arnd mares

Thisz the Frreliminaras discussion of
to follow we will descore
la

the ATS method and arrlics

comFletes

the Charters 1he

tiocns Lo = e
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CHRFTER II.

AUTOMATIC SECUEMTIAL DIFFEREMTIATION

In the first section of this Charler,. we s=hzll discuss the automalic
semuential differertiation of simrle analwtic functions and arithmetic
oretraticrzs. We shall also irtroduce twc subrrosrams that will be useful
in the evalusticon of Tawlor seriez for analetic functions comeosed of
combination: of simFle analatic functions and orerations. Im the second
zection. we will discuss the wmethod for differentiating comelicated
functions. Exameles include the Bessel function. the Error function.
and the Sine—irmtegral. Im the third sectio the resclubtion of indeter-
minate forme and the generalized L Hosrital ruale will be dizcussed. UWe

will dewvelor the automatic ditfererntiation of irmverse functicomnzs  in the

fowrth secticn. It will becoms meceszara o develeor the seguentiszsl dif-
fererntiaticon of functions of tuwoe wariables. Im the fifth zecticn. the

sutomatic seauertizl svalustion of Frartizsl derivativezs will be discuss-—
e, In the Tfimal section:. we will dewvslor the differentiation of im—

Flicit functioms.

HA. Differentiation of Simele Furncticns and Oreraticons.

Gereralle: simrle analwtic functions are  comFosed of bLramscendental
ticme and alldsbrasic orerationz. In order to get a clear understand-

& gutomatic seqauertial differerntiaticon of siwmFrle analetic func—
tiom we =hall examine transcendertal  furctions and algebraic creraticns

s iszolated cases. Later; we shall studws the =ffects of combining Lhese
zimele Turctions and orFeraticons to obbtain the automastic differsntiztion
cof conFlex functions.  The first  function we shall lock 2t is the zine
fumchicr. fixd = eintaxy. The =sine function and first Lwo deriuvatives

are "iven bz
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wzimtaxy o [13

Clearla, the recuwrsive relation iz
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Tii =
d T 2 d T _
— T = gy W e — . £z3
t 2

T T

In terwns of the Pedgced deriuvatives fecee Eaq.[21 in Charter I3, the re—

cur-sive relation becomes

Fim» = — Fim—2) # —————————— » [z3

=12 0m—-20
where B oie the increment in . This reduced-derivative recursive rels—
tiom carm be used to eusluste the Tawlor ceries terms for fixd = sinlaxd

in an urending seauences. This same recursive relation cam be used for

the functicn TOx) = costaxd. The use of Eg.[31 is prefered ouer Ea.[2]
becsuse of the absernce of the factorial functiorn whern Ea.031 is used in

Tazlor series. The factorial function grows  in magnitude too raridla
for are Finite digital computer to handle reszonasblw. The rresence of b

in E=g.031 permits control on overflow and undertlow.

The ewpomential fumcticor. Fox) = explfaxd, can be differentiated in a
zimilar manmer. The expomentisl function and its first two derivatives

=

it

- 11 -

B .
Fiwd = expiaxd o F (x) = gkexpiax) o F Ix) = 3 RS E LN . {41

The recursiwve relation is

I w1

d f

B N, T — . £33
T m—1

o T

In terms of reduced deriustives, the recursive relaticon becomes

. - Ry - a:k r' -~

Fimd = Fim=1) # ——— ‘ £ed

m—1

Thiz recurziuve relstion will be used later in thiz zection for asnalwzingd

the function 4¢3 = expliwd. uwhere 9 1s another functiorn of =, |

A third examele iz the natural logarithm function. FOxd = s#lnl=d.

The natursl lodarithmn function and first twe derivatives are




~

] " - A
Fowd = gelpied + 0 ix) = ——— o f m) = ———— [v3
The recursive relaticrn o this function is
m_ =1
d 1 d f m—1
——— E e e e {=3
T m—1 4
i ol

In termns of redured. deriuvatives, the recursive relation becomes

Pkl m—320

- Fim—1) % ———m——— . : {31

Fom

OfF cowrse. it is recodnized that
i1
Fim» = (=10 —————————- . T

[
N1
ot

tedd

Howeser . E=.L3]1 iz Lo be rFrefered because the arsgumert of the lodarithm
coulod be smother functiom of =.  For edamele, we will consider the func—
tiorm 5wy = 1macwd, where wfx) = simdax), after we comelete the diszous-—

ziom an arithmetic orsraticons.

Arithmetic Orerations

The autcmatic differentiation of functions with arithmetic orera-
ticr eroceed with sase whern the creraticnz are either additiorn or sub-
traction. The deriwative of the =zum of two functicrs is the sum of Lwo
individusl derivatives. Undsr oreraticon of multirlication. the deriwva-
tie iz Found bBe the wuse of Leibnitz rule. Corzider the product i =
W R, Lhe .m-th term of the Tazlor series for'fiﬁb iz giwern bes
Egq, {71 in Charter I.

L
Fimy = sum. UCid Wim—i+1d . r111

i=1
Thiz iz the foundsticorm for the automatic seausntizl differentistion of
comE les Functiome. It has been written  irto 3 =mall  FORTRAM furction

zuberodgdramn oslled the HTS function.



